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1. Introduction 
/HW XV DVVXPH WKDW LQVWDQWDQHRXV FRPPRGLW\ GHSUHFLDWLRQݓ DW HYHU\ WLPHݐ WKURXJKRXW WKH HQWLUH
OLIHWLPHRI WKH FRPPRGLW\ LV FRPSRVHGRI WKH LQVWDQWDQHRXV FRPPRGLW\SK\VLFDO GHSUHFLDWLRQݓ௉஽DQG
WKHLQVWDQWDQHRXVFRPPRGLW\H[WHUQDOGHSUHFLDWLRQݓா஽ 7KHODZRILQWHUQDOFRPSRVLWLRQRIERWKW\SHVRI
GHSUHFLDWLRQ LV GHVLJQDWHG DVο VR WKH LQVWDQWDQHRXV FRPPRGLW\GHSUHFLDWLRQݓLVݓ ൌ ݓ௉஽οݓா஽ 7KH
ODZRIFRPSRVLWLRQRIPDJQLWXGHVRILQVWDQWDQHRXVFRPPRGLW\SK\VLFDODQGH[WHUQDOGHSUHFLDWLRQLVDOVR
GHVLJQDWHG E\ WKH V\PERO ο VR WKDWݓሺݐሻ ݓ௉஽ሺݐሻοݓா஽ሺݐሻ ,QIXUWKHU FRQVLGHUDWLRQV ZH SUHVXPH
LQOLQHDUDSSUR[LPDWLRQWKDWWKHODZRIFRPSRVLWLRQRIPDJQLWXGHVRILQVWDQWDQHRXVFRPPRGLW\SK\VLFDO
DQGH[WHUQDOGHSUHFLDWLRQLVDOJHEUDLFDGGLWLRQWKXVݓሺݐሻ ൌ ݓ௉஽ሺݐሻ ൅ ݓா஽ሺݐሻVRWKDWWKHODZRILQWHUQDO
FRPSRVLWLRQοRI LQVWDQWDQHRXVFRPPRGLW\SK\VLFDO DQGH[WHUQDOGHSUHFLDWLRQ LVGHVLJQDWHGÄ³DQGVR
ݓ ൌ ݓ௉஽οݓா஽ ൌ ݓ௉஽൅ݓா஽ )RU VLPSOLFLW\ZHDVVXPH WKDW WKH ODZRI LQWHUQDOFRPSRVLWLRQοRU ODZ
RIFRPSRVLWLRQRIPDJQLWXGHVοUHVSHFWLYHO\ GRHV QRW FKDQJHRYHU WLPH IRUERWK NLQGVRIGHSUHFLDWLRQ
:H IXUWKHU DVVXPH LQ WKH OLQHDU DSSUR[LPDWLRQ WKDW WKH LQVWDQWDQHRXV FRPPRGLW\ GHSUHFLDWLRQݓ WKH
LQVWDQWDQHRXV FRPPRGLW\ SK\VLFDO GHSUHFLDWLRQ ݓ௉஽ DQG WKH LQVWDQWDQHRXV FRPPRGLW\ H[WHUQDO
GHSUHFLDWLRQݓா஽ DUHFRQWLQXRXV UHDO IXQFWLRQVDW LQWHUYDOۃݐ଴ǡ ݐ௘ۄݐ଴LV WKH LQLWLDO WLPHRIPRQLWRULQJRI
WKH LQVWDQWDQHRXV FRPPRGLW\ VWDWH DQGݐ௘ LV WKH WLPH DW ZKLFK ZH FHDVH PRQLWRULQJ WKH LQVWDQWDQHRXV
FRPPRGLW\ VWDWH LH OHYHORI WKH LQVWDQWDQHRXVFRPPRGLW\GHSUHFLDWLRQ 7KH LQVWDQWDQHRXVFRPPRGLW\
SK\VLFDO GHSUHFLDWLRQݓ௉஽ LV GHILQHG DV WKH SHUPDQHQW DGYHUVH FKDQJH LQ WKH VXUIDFH RU GLPHQVLRQV
RIERGLHVRIYDULRXVVWDWHV LQGXFHGE\ WKH LQWHUDFWLRQRI IXQFWLRQDO VXUIDFHVRUDIXQFWLRQDOVXUIDFHDQG
PHGLXP ZKLFK FDXVHV ZHDU 3RãWD 9HVHOê 	 'YRĜiN  7KH LQVWDQWDQHRXV FRPPRGLW\ H[WHUQDO
GHSUHFLDWLRQݓா஽ LVGHILQHGDVDVXSSOHPHQWWRWKHLQVWDQWDQHRXVFRPPRGLW\SK\VLFDOGHSUHFLDWLRQLHWKH
LQVWDQWDQHRXVFRPPRGLW\H[WHUQDOGHSUHFLDWLRQ LV WKHSHUPDQHQWDGYHUVHRU IDYRUDEOHFKDQJH LQPDUNHW
YDOXHRIDFRPPRGLW\ZKLFKLVQRWFDXVHGE\LQVWDQWDQHRXVFRPPRGLW\SK\VLFDOGHSUHFLDWLRQGDPDJH
,QDPDUNHWVWUXFWXUHZLWKSHUIHFWFRPSHWLWLRQWKHLQVWDQWDQHRXVFRPPRGLW\UHODWLYHGHSUHFLDWLRQܴܦ
LV GHILQHG E\ WKH PDJQLWXGHV RI LQVWDQWDQHRXV FRPPRGLW\ UHODWLYH GHSUHFLDWLRQ LQ DFFRUGDQFH ZLWK
UHODWLRQ'UR]HQ=HLWKDPHUE
                 ܴܦሺݐሻ ൌ ௪ሺ௧ሻି௪ሺ௧బሻ௪ሺ௧బሻ , (1) 
ZKHUHݓሺݐ଴ሻ ൌ ݓ଴LV WKHPDJQLWXGH RI LQVWDQWDQHRXV FRPPRGLW\ GHSUHFLDWLRQ DW WKH LQLWLDO WLPHݐ଴DQG
ݓሺݐሻ LV WKH PDJQLWXGH RI LQVWDQWDQHRXV FRPPRGLW\ GHSUHFLDWLRQ DW WLPH ݐሺݐ ൒ ݐ଴ሻ  ,Q DGGLWLRQ WR
LQVWDQWDQHRXVFRPPRGLW\UHODWLYHGHSUHFLDWLRQܴܦWKHLQVWDQWDQHRXVFRPPRGLW\UHODWLYHSULFHܴܲLVDOVR
GHILQHGXQGHUWKHFRQGLWLRQRISHUIHFWFRPSHWLWLRQE\WKHPDJQLWXGHVܴܲሺݐሻDWWLPHݐLQDFFRUGDQFHZLWK
WKHUHODWLRQVKLS'UR]HQ=HLWKDPHUE
ܴܲሺݐሻ ൌ ௣ሺ௧బሻି௣ሺ௧ሻ௣ሺ௧బሻ ,         (2) 
ZKHUH ݌ሺݐ଴ሻ ൌ ݌଴ LV WKH PDJQLWXGH RI LQVWDQWDQHRXV FRPPRGLW\ SULFH ݌ DW WKH LQLWLDO WLPH ݐ଴ RI
PRQLWRULQJ WKH LQVWDQWDQHRXV FRPPRGLW\ SULFH RQ D VHOHFW PRGHO PDUNHW DQG݌ሺݐሻ LV WKH PDJQLWXGH
RILQVWDQWDQHRXVFRPPRGLW\SULFHDWWLPHݐ ൒ ݐ଴


,Q WKHPRGHORIDPDUNHW VWUXFWXUHZLWKSHUIHFWFRPSHWLWLRQZHDVVXPHWKH IROORZLQJFRQGLWLRQVDUHPHWD LQHDFKPDUNHW
WKHUHDUHDODUJHQXPEHURIEX\HUVDQGVHOOHUVQRQHRIZKLFKDUHVWURQJHQRXJKWRLQIOXHQFHWKHSULFHRU RXWSXWRIDVHFWRUEDOO
JRRGV DUH KRPRJHQHRXV F WKHUH LV IUHH HQWU\ WR DQG H[LW IURP DOO PDUNHWV G DOO PDQXIDFWXUHUV DQG FRQVXPHUV KDYH SHUIHFW
LQIRUPDWLRQDERXWSULFHVDQGTXDQWLWLHV WUDGHGRQWKHPDUNHWHFRPSDQLHVDWWHPSW WRPD[LPL]HSURILWDQGFRQVXPHUVDWWHPSWWR
PD[LPL]H XWLOLW\ I FRPSDQLHV KDYH IUHH DFFHVV WR LQIRUPDWLRQ DERXW WHFKQRORJLHV *RRGZLQ1HOVRQ$FNHUPDQ	:HLVVNRSI
1LFKROVRQ	6Q\GHU
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2. Linear motion equation of commodity state without inflexion 
,QVWDQWDQHRXV FRPPRGLW\ GHSUHFLDWLRQݓLV D UHDO FRPSRVLWH IXQFWLRQ RI WLPH LHݓሺݐሻ ൌ ݓሺ݌ሺݐሻሻ
ZKHUH ݓሺ݌ሻ LV WKH FRQWLQXRXV GHFUHDVLQJ UHDO IXQFWLRQ RI LQVWDQWDQHRXV FRPPRGLW\ SULFH ݌ DQG
LQVWDQWDQHRXV FRPPRGLW\ SULFH݌LV D FRQWLQXRXV GHFUHDVLQJ UHDO IXQFWLRQ RI WLPHݐ ,I ZHPRQLWRU WKH
GHYHORSPHQWRILQVWDQWDQHRXVFRPPRGLW\GHSUHFLDWLRQDWWLPHLQWHUYDOۃݐ଴ǡ ݐ௘ۄWKHQIRUWKHILUVWGHULYDWLRQ
RIIXQFWLRQVݓሺ݌ሻDQG݌ሺݐሻLWKROGVWKDWௗ௪ௗ௣ ሺ݌ሻ ൏ ͲIRU݌ א ۃ݌ሺݐ௘ሻǡ ݌ሺݐ଴ሻۄDQG
ௗ௣
ௗ௧ ሺݐሻ ൏ ͲIRUݐ א ۃݐ଴ǡ ݐ௘ۄ
,W GLUHFWO\ IROORZV IURP WKHVH UHODWLRQVKLSV WKDW IRU WKH LQWHUYDOۃݐ଴ǡ ݐ௘ۄௗ௪ௗ௧ ሺݐሻ 
ௗ௪
ௗ௣ ሺ݌ሺݐሻሻ
ௗ௣
ௗ௧ ሺݐሻ ൐ Ͳ
7KLV PHDQV WKDW LQVWDQWDQHRXV FRPPRGLW\ GHSUHFLDWLRQݓ LV D FRQWLQXRXV LQFUHDVLQJ UHDO IXQFWLRQ RI
WLPHݐZKLFKFRUUHVSRQGVWRWUHQGVIRUFRPPRQFRPPRGLWLHVRYHUWLPH7KHQLQVWDQWDQHRXVFRPPRGLW\
UHODWLYH GHSUHFLDWLRQܴܦLV DOVR D FRQWLQXRXV UHDO IXQFWLRQ DW LQWHUYDOۃݐ଴ǡ ݐ௘ۄDQGௗோ஽ௗ௧ ሺݐሻ ൐ ͲIRU HYHU\
WLPHݐ א ሺݐ଴ǡ ݐ௘ሻ
7KH PDJQLWXGH RI LQVWDQWDQHRXV FRPPRGLW\ UHODWLYH GHSUHFLDWLRQܴܦ RYHU WLPH ݐ LQFUHDVHV ZLWK
DFFHOHUDWLRQ DQG WKH DFFHOHUDWLRQ RI LQVWDQWDQHRXV FRPPRGLW\ UHODWLYH GHSUHFLDWLRQ LQFUHDVHV LQ GLUHFW
SURSRUWLRQ WR WKH LQVWDQWDQHRXV VSHHG RI FKDQJH RI LQVWDQWDQHRXV FRPPRGLW\ UHODWLYH GHSUHFLDWLRQ DW
WLPHݐ7KHPRWLRQHTXDWLRQRILQVWDQWDQHRXVFRPPRGLW\UHODWLYHGHSUHFLDWLRQLVWKXV=HLWKDPHUE
ௗమோ஽
ௗ௧మ ሺݐሻ ൌ ܤ
ௗோ஽
ௗ௧ ሺݐሻ, (3) 
ZKHUHܤ LV WKH FRQVWDQW RI SURSRUWLRQDOLW\ܤ ൐ Ͳ  ,Q DGGLWLRQ OHW LQLWLDO FRQGLWLRQV EH PHW ZKHUH
ܴܦሺݐ଴ሻ ൌ ܴܦ଴ ൐ Ͳௗோ஽ௗ௧ ሺݐ଴ሻ ݒ଴ ൐ ͲVRWKDWWKHVROXWLRQRIGLIIHUHQWLDOHTXDWLRQDWLQWHUYDOۃݐ଴ǡ ݐ௘ۄ
LVWKHQ
ܴܦሺݐሻ ൌ ܴܦ଴ െ ௩బ஻ ൅
௩బ
஻ ݁஻ሺ௧ି௧బሻ. (4) 
)URPKHUH LWGLUHFWO\ IROORZV WKDW LQVWDQWDQHRXVFRPPRGLW\UHODWLYHGHSUHFLDWLRQܴܦLVDSXUHO\FRQYH[
IXQFWLRQDWLQWHUYDOۃݐ଴ǡ ݐ௘ۄ7KLVPHDQVWKDWWKHLQFUHDVHLQLQVWDQWDQHRXVFRPPRGLW\UHODWLYHGHSUHFLDWLRQ
DWLQWHUYDOۃݐ଴ǡ ݐ௘ۄLVSURJUHVVLYH
,QVWDQWDQHRXVFRPPRGLW\UHODWLYHGHSUHFLDWLRQܴܦLQFUHDVHVZLWKDFFHOHUDWLRQDW WLPHݐDJDLQDQGWKH
DFFHOHUDWLRQRILQVWDQWDQHRXVFRPPRGLW\UHODWLYHGHSUHFLDWLRQLQFUHDVHVLQGLUHFWSURSRUWLRQWRWKHVSHHG
RIFKDQJHRIUHODWLYHGHSUHFLDWLRQDWWLPHݐZKLOHWKHFRQVWDQWRISURSRUWLRQDOLW\LVQHJDWLYH7KHPRWLRQ
HTXDWLRQRILQVWDQWDQHRXVFRPPRGLW\UHODWLYHGHSUHFLDWLRQLVWKHQ=HLWKDPHUD=HLWKDPHUE
ௗమோ஽
ௗ௧మ ሺݐሻ ൌ െܤ
ௗோ஽
ௗ௧ ሺݐሻ , (5)
ZKHUHሺെܤሻLVWKHFRQVWDQWRISURSRUWLRQDOLW\ܤ ൐ Ͳ,QDGGLWLRQOHWLQLWLDOFRQGLWLRQVEHPHW
ZKHUHܴܦሺݐ଴ሻ ൌ ܴܦ଴ ൐ Ͳௗோ஽ௗ௧ ሺݐ଴ሻ  ݒ଴ ൐ Ͳ VR WKDW WKH VROXWLRQ RI WKH GLIIHUHQWLDO HTXDWLRQ  DW
LQWHUYDOۃݐ଴ǡ ݐ௘ۄLVWKHQ
ܴܦሺݐሻ ൌ ܴܦ଴ ൅ ௩బ஻ െ
௩బ
஻ ݁ି஻ሺ௧ି௧బሻ.  (6) 
)URPKHUHLWGLUHFWO\IROORZVWKDWLQVWDQWDQHRXVFRPPRGLW\UHODWLYHGHSUHFLDWLRQܴܦLVDSXUHO\FRQFDYH
IXQFWLRQDWLQWHUYDOۃݐ଴ǡ ݐ௘ۄ7KLVPHDQVWKDWWKHLQFUHDVHLQLQVWDQWDQHRXVFRPPRGLW\UHODWLYHGHSUHFLDWLRQ
DW LQWHUYDO ۃݐ଴ǡ ݐ௘ۄ LV GHJUHVVLYH 7KH SURJUHVVLYH LQFUHDVH RI LQVWDQWDQHRXV FRPPRGLW\ UHODWLYH
GHSUHFLDWLRQ LVFKDUDFWHULVWLF IRUH[DPSOHRIFHUWDLQ W\SHVRI IRRGJRRGVZKLOHGHJUHVVLYH LQFUHDVHRI
UHODWLYHGHSUHFLDWLRQPD\EHVHHQLQFHUWDLQFRPPRGLWLHVLQWKHDXWRPRWLYHLQGXVWU\
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6SHFLILF W\SHV RI FRPPRGLWLHV DUH QRW OLVWHG KHUH DV WKH EUHDNGRZQ RI DOO FRPPRGLWLHV XQGHU WKH
FRQGLWLRQ RI SHUIHFW FRPSHWLWLRQ LQWR LQGLYLGXDO GLVMRLQW FODVVHV RI FRPPRGLWLHV LV WKH VXEMHFW RI
DVHSDUDWHLQYHVWLJDWLRQ
0RWLRQ HTXDWLRQV  DQG  IRU LQVWDQWDQHRXV FRPPRGLW\ UHODWLYH GHSUHFLDWLRQ ܴܦ \LHOG
DGHWHUPLQLVWLF GLIIHUHQWLDO HTXDWLRQ IRU LQVWDQWDQHRXV FRPPRGLW\  SULFH݌ ZKLOH D FRPPRGLW\ LV DQ
HOHPHQWRIRQHRIWKHGLVMRLQWFODVVHVRIWKHVHWRIDOOFRPPRGLWLHV)RUHDFKFRPPRGLW\FODVV IRXQGLW
ZLOOEHQHFHVVDU\WRGHWHUPLQHWKHIXQFWLRQDOUHODWLRQVKLSEHWZHHQLQVWDQWDQHRXVFRPPRGLW\GHSUHFLDWLRQ
ݓDQG WKH LQVWDQWDQHRXV FRPPRGLW\ SULFH݌DW LQWHUYDOۃݐ଴ǡ ݐ௘ۄ $VVXPH WKDW ZH KDYH VHOHFWHG D VLQJOH
VSHFLILFFODVVRIFRPPRGLW\IURPWKHVHWRIDOOFRPPRGLWLHV)RUHDFKFRPPRGLW\RIWKLVSDUWLFXODUFODVV
OHWݓሺݐሻ ൌ ܦ൫݌ሺݐ଴ሻ െ ݌ሺݐሻ൯VRWKDWLQDFFRUGDQFHZLWKHTXDWLRQܴܦሺݐሻ ൌ ൣ஽൫௣బି௣ሺ௧ሻ൯ି௪బ൧௪బ DWLQWHUYDOۃݐ଴ǡ ݐ௘ۄǤ$FRQVWDQWܦሺܦ ൐ ͲሻLVJLYHQLQVXFKXQLWVWRHQVXUHWKDWWKHVDPHXQLWVDUHIRXQGRQERWKVLGHV
RIWKHHTXDWLRQݓሺݐሻ ൌ ܦሺ݌ሺݐ଴ሻ െ ݌ሺݐሻሻ'LUHFWO\IROORZLQJIURPGHWHUPLQLVWLFGLIIHUHQWLDOHTXDWLRQ
IRU LQVWDQWDQHRXV FRPPRGLW\ UHODWLYH GHSUHFLDWLRQ ܴܦ LV WKH GHWHUPLQLVWLF GLIIHUHQWLDO HTXDWLRQ IRU
LQVWDQWDQHRXV FRPPRGLW\ SULFH݌DW LQWHUYDOۃݐ଴ǡ ݐ௘ۄ ZKLFK LVௗ
మ௣
ௗ௧మ ሺݐሻ ܤ
ௗ௣
ௗ௧ ሺݐሻZLWK LQLWLDO FRQGLWLRQV
݌ሺݐ଴ሻ ൌ ݌଴ ൐ Ͳௗ௣ௗ௧ ሺݐ଴ሻ ൌݎ଴ ൏ Ͳ ZKHUH
ௗ௣
ௗ௧ ሺݐሻ ൏ ͲIRUݐ א ሺݐ଴ǡ ݐ௘ሻ  7KH VROXWLRQ RI WKLV GLIIHUHQWLDO
HTXDWLRQ IRU D SXUHO\ FRQFDYH GURS LQ WKH LQVWDQWDQHRXV FRPPRGLW\ SULFH PD\ EH ZULWWHQ DV
݌ሺݐሻ ൌ݌଴±௥బ஻ ±݁஻ሺ௧ି௧బሻ'HWHUPLQLVWLFGLIIHUHQWLDOHTXDWLRQIRULQVWDQWDQHRXVFRPPRGLW\UHODWLYH
GHSUHFLDWLRQܴܦ \LHOGV D GHWHUPLQLVWLF GLIIHUHQWLDO HTXDWLRQ IRU LQVWDQWDQHRXV FRPPRGLW\ SULFH݌ DW
LQWHUYDOۃݐ଴ǡ ݐ௘ۄZKLFK LVௗ
మ௣
ௗ௧మ ሺݐሻ ൌെܤ
ௗ௣
ௗ௧ ሺݐሻZLWK LQLWLDO FRQGLWLRQV݌ሺݐ଴ሻ ൌ ݌଴ ൐ Ͳ
ௗ௣
ௗ௧ ሺݐ଴ሻ ݎ଴ ൏ Ͳ
ZKHUHௗ௣ௗ௧ ሺݐሻ ൏ ͲIRUݐ א ሺݐ଴ǡ ݐ௘ሻ7KHVROXWLRQRIWKLVGLIIHUHQWLDOHTXDWLRQIRUDSXUHO\FRQYH[GURSLQWKH
LQVWDQWDQHRXVFRPPRGLW\SULFHPD\EHZULWWHQDV݌ሺݐሻ ൌ݌଴௥బ஻ ±݁ି஻ሺ௧ି௧బሻ
3. Non-linear motion equation of commodity state with inflexion 
,QWKLVVHFWLRQRIRXUZRUNZHDJDLQSUHVXPHWKHIROORZLQJFRQGLWLRQVWREHPHWWKHFRPPRGLW\LV
RQRQHRIWKHPDUNHWVRIWKHPRGHORIPDUNHWVWUXFWXUHZLWKSHUIHFWFRPSHWLWLRQDWLQLWLDOWLPHݐ଴DW
WLPHݐ଴WKH FRPPRGLW\ LV IRXQG LQ LWV LQLWLDO VWDWH ZKLFK LV XQLTXHO\ GHWHUPLQHG E\ WKH PDJQLWXGH RI
LQVWDQWDQHRXVFRPPRGLW\GHSUHFLDWLRQݓሺݐ଴ሻ ൌ ݓ଴
/HW WKHDFFHOHUDWLRQRIௗ
మோ஽
ௗ௧మ RI WKH LQVWDQWDQHRXVFRPPRGLW\ UHODWLYHGHFUHFLDWLRQEH WKH VXP RI WZR
FRPSRQHQWVLH
ௗమோ஽
ௗ௧మ ൌ ቀ
ௗమோ஽
ௗ௧మ ቁଵ ൅ ቀ
ௗమோ஽
ௗ௧మ ቁଶǤ (7) 
7KHILUVWFRPSRQHQWRIDFFHOHUDWLRQLVDFRQVHTXHQFHRISK\VLFDODQGFKHPLFDOSURFHVVHVLQFOXGLQJDOVR
VRFLDOSV\FKRORJLFDOSURFHVVHV LQSK\VLFRFKHPLFDODSSUR[LPDWLRQZKLFKFDXVH WKH ILUVWFRPSRQHQWRI
WKHLQVWDQWDQHRXVDFFHOHUDWLRQWRLQFUHDVHLQGLUHFWSURSRUWLRQWRWKHPDJQLWXGHVRIUDWHRIFKDQJHRIWKH
LQVWDQWDQHRXVFRPPRGLW\UHODWLYHGHSUHFLDWLRQLH
ቀௗమோ஽ௗ௧మ ሺݐሻቁଵ ൌ ܤ
ௗோ஽
ௗ௧ ሺݐሻǡ  (8) 
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ZKHUHܤLV WKH SURSRUWLRQDOLW\ FRQVWDQWܤ ൐ ͲDQGݐ א ۃݐ଴ǡ ݐ௘ۄ 7KH VHFRQG FRPSRQHQW RI DFFHOHUDWLRQ
UHVXOWV IURPSK\VLFDODQGFKHPLFDOSURFHVVHVLQFOXGLQJDOVRVRFLDOSV\FKRORJLFDOSURFHVVHV LQSK\VLFR
FKHPLFDO DSSUR[LPDWLRQ ZKLFK FDXVH WKH VHFRQG FRPSRQHQW RI WKH LQVWDQWDQHRXV DFFHOHUDWLRQ WR EH
GLUHFWO\SURSRUWLRQDO WR WKHSURGXFWRI WKHPDJQLWXGHRI UDWHRIFKDQJHRI WKH LQVWDQWDQHRXVFRPPRGLW\
UHODWLYHGHSUHFLDWLRQௗோ஽ௗ௧ ሺݐሻDQGWKHPDJQLWXGHRILQVWDQWDQHRXVFRPPRGLW\UHODWLYHGHSUHFLDWLRQܴܦሺݐሻ
ZKLOHWKHSURSRUWLRQDOLW\FRQVWDQWLVQHJDWLYHWKXV
ቀௗమோ஽ௗ௧మ ሺݐሻቁଶ ൌ െܣ
ௗோ஽
ௗ௧ ሺݐሻܴܦሺݐሻǡ   (9) 
ZKHUHሺെܣሻLVWKHSURSRUWLRQDOLW\FRQVWDQWܣ ൐ Ͳǡݐ א ۃݐ଴ǡ ݐ௘ۄ
%\VXEVWLWXWLQJUHODWLRQVDQGLQWRHTXDWLRQZHREWDLQWKHIROORZLQJPRWLRQHTXDWLRQIRUWKH
DFFHOHUDWLRQRILQVWDQWDQHRXVFRPPRGLW\UHODWLYHGHSUHFLDWLRQ

 ௗ
మோ஽
ௗ௧మ ሺݐሻ ൌ ܤ
ௗோ஽
ௗ௧ ሺݐሻ െ ܣ
ௗோ஽
ௗ௧ ሺݐሻܴܦሺݐሻǡ  (10) 
ZKHUHܣ ൐ Ͳǡ ܤ ൐ Ͳǡ ݐ א ۃݐ଴ǡ ݐ௘ۄ
2QHRIWKHVXEVHWVRIWKHVHWRIVROXWLRQVIRUPRWLRQHTXDWLRQLVJLYHQE\
 ܴܦሺݐሻ ൌ ௬మା௬భ௘ξವሺ೟శ಴మሻଵା௘ξವሺ೟శ಴మሻ ǡ  
ZKHUH IRU FRQVWDQWV ܦǡ ݕଵǡ ݕଶǡ ܥଶ LW IROORZV WKDW ܦ ൌ ܤଶ ൅ ʹܣܥଵ  ݕଵ ൌ ஻ାξ஽஺  ݕଶ ൌ
஻ିξ஽
஺ 
Ͳ ൏ ȁݕଶȁ ൏ ݕଵǡ ݕଶ ൏ Ͳ െ஻
మ
ଶ஺ ൏ ܥଵ ൏ Ͳ ܥଶ ൌ
ଵ
ξ஽  ቀቚ
௬మ
௬భቚቁ െ ݐ௉  $W WLPH ȁݐ௉ȁ WKH YDOXH RI LQVWDQWDQHRXV
FRPPRGLW\UHODWLYHGHSUHFLDWLRQLV]HUR7KHJLYHQVXEVHWRIWKHVROXWLRQVRIPRWLRQHTXDWLRQVKRZV
WKHSURJUHVVLYH±GHJUHVVLYHLQFUHDVHRILQVWDQWDQHRXVFRPPRGLW\UHODWLYHGHSUHFLDWLRQZLWKDQLQIOH[LRQ
SRLQWDWWLPHݐ ൌ െܥଶDQGDOLPLWDW௧՜ା∞ ܴܦሺݐሻ ൌ ݕଵ
4. Conclusions 
$VVXPLQJ WKDW WKHPDUNHW YDOXH RI WKH FRPPRGLW\ DW WLPH W LV IXOO\ GHWHUPLQHG H[FOXVLYHO\ E\ WKH
YDOXH RI WKH LQVWDQWDQHRXV FRPPRGLW\ SULFH݌ሺݐሻ  PHWKRGRORJLFDO SURFHGXUHV WDNHQ IURP WKHRUHWLFDO
SK\VLFVZHUHXVHGWRFRQVWUXFWPRWLRQHTXDWLRQVIRULQVWDQWDQHRXVFRPPRGLW\UHODWLYHGHSUHFLDWLRQܴܦ
0RWLRQ HTXDWLRQV  DQG  IRU WKH SURJUHVVLYH DQG GHJUHVVLYH LQFUHDVH RI LQVWDQWDQHRXV FRPPRGLW\
UHODWLYH GHSUHFLDWLRQ DUH OLQHDU GLIIHUHQWLDO HTXDWLRQV RI WKH VHFRQG RUGHU ZLWK FRQVWDQW FRHIILFLHQWV
DVVXPLQJPDUNHWVWUXFWXUHVZLWKSHUIHFWFRPSHWLWLRQ0RWLRQHTXDWLRQRILQVWDQWDQHRXVFRPPRGLW\
UHODWLYH GHSUHFLDWLRQ IRU WKH SURJUHVVLYHGHJUHVVLYH JURZWK RI GHSUHFLDWLRQ LV D QRQOLQHDU GLIIHUHQWLDO
HTXDWLRQ RI WKH VHFRQG RUGHU ZLWK FRQVWDQW FRHIILFLHQWV  0RWLRQ HTXDWLRQ  ZDV DOVR GHULYHG IRU
LQVWDQWDQHRXVFRPPRGLW\UHODWLYHGHSUHFLDWLRQRQDPDUNHWZLWKSHUIHFWFRPSHWLWLRQ,QWKHVROXWLRQVVHW
IRUPRWLRQHTXDWLRQ WKHUHLVWKHVXEVHWRIVROXWLRQVZKLFKPRGHOSURJUHVVLYHGHJUHVVLYHJURZWKRI
WKHPDJQLWXGHVRILQVWDQWDQHRXVFRPPRGLW\UHODWLYHGHSUHFLDWLRQZLWKDVLQJOHLQIOH[LRQSRLQW
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